A general framework is given for the inversion of a "two-point" formulation of the Baade-Wesselink technique. This means that phases of equal radius are selected and used to get information regarding brightness and temperature. The inversion method is used to evaluate the surface brightness/(V -R) relation in two classical Cepheids, V482 Sco and R TrA. The slope found is consistent with previously reported values, but it is argued that the radius determinations will be very uncertain, Finally, a proposal is made for employing the B-W inversion to construct a parameterization for brightness and temperature. This leads to the determination of radii and, ultimately, of temperatures and luminosities as well.
I. Introduction
The determination of the temperatures and radii of pulsating stars has an important impact on many areas in astronomy, including stellar evolution, galactic morphology and history, and the cosmic distance scale. Traditionally, temperatures are obtained by the fitting of static model atmospheres to observed fluxes, while radii are determined using the Baade-Wesselink (B-W) technique.
The B-W technique subsumes a group of related methods all of which rely on the fact that the instantaneous radial displacement of a pulsating star may be obtained by an integration of its observed velocity curve. Once this is done, the radius may be determined provided that one can measure or infer the instantaneous temperature or some related quantity.
A comprehensive critique of the B-W method has been given recently by Gautschy (1986) . Early formulations of this technique involved pairs of phases for which the temperatures or surface brightnesses were supposed to be equal. If this condition is satisfied, then each pair yields a radius. Later, these "two-point" methods gave way to more proper statistical formulations which employ the whole of the cycle. However, the latter realizations also require an assumed or derived relation between surface brightness and color. Unfortunately, these pivotal relations have not been tested for pulsating stars except a posteriori via a somewhat circular argument which requires the use of mean radii which have themselves been obtained from a surface brightness-color relation (see, e.g., Barnes and Moffett 1985) .
In the present work we return to a two-point formulation which, however, takes note of the following, very interesting, circumstance: while we are still not capable of 868 selecting phases of equal surface brightness, modem observational techniques provide the means for determining, with high accuracy, pairs of phases of equal radius.
Thus, in what follows, we shall propose an inversion of the B-W method whereby information on the instantaneous radius is used to learn something about the surface brightness or temperature. In Section II we provide a general framework for this proposal which is then employed in Section III to examine the relationship between surface brightness and color in two classical Cepheids. Finally, in Section IV we suggest how the inversion technique may be employed to construct a calibration which leads ultimately to the determination of radii, temperatures, and luminosities.
II. The Pulsating Star at Phases of Equal Displacement
Let us write for the radial velocity of a pulsating star where a summation con',(ention is understood. The coefficients Ao, (Aj , <Pj) may be determined by fitting the observed radial-velocity curve with a Fourier series. For classical Cepheids four to eight terms will typically suffice (Simon and Teays 1983) . The pulsational velocity v is then given by use of a projection factor f, viz., We then obtain the instantaneous displacement by integration a= -jwfAjcos [jw(t-to) + <l >d .
(3)
Let us now consider the ratio of the instantaneous radii at two phases of the pulsation
For r/Ro, riRo « 1, we may expand equation (4) to
Suppose we choose phases such that the displacements are equal, i. e., r l = r 2 as determined from equation (2). In that case the quantity a is ostensibly unity according to equation (5). However, the real value of a is
where 8rl and 8r 2 are observational errors in the determination of the displacements. (For the moment we ignore the question of the projection factor f.) If one can measure the radial velocity at a given phase with some error of magnitude 18v I then the error in the displacement at that phase will be approximately 18rl = 18vl/w. Then, assuming the worst case in equation (6), i. e., that the errors add, we obtain (7) where (8) Now; of course, the quantity a may also be determined in another way, namely,
Here and in what follows, the tilde will denote radial displacements determined via luminosity and temperature, while symbols lacking the tilde indicate, where appropriate, that displacements are obtained directly from the velocity curve.
Let us imagine, for a moment, that energy scans at many wavelengths, extending into the ultraviolet and infrared, enable us to measure, with very little error, the ratio of the luminosities at a pair of phases. Then, from eq~ations (9) and (10), one sees that the error in measuring a will be given by
and we have assumed that the errors, 8T, in temperature measurement are small with respect to T. We now define
Suppose for a given star we accumulate a set of pairs of phases of equal displacement according to equation (2).
For the purposes of illustration we select two of these pairs-a "good" pair which we call pair a and a "bad" pair labeled pair h.
Pair a is called good because for these points we find 13 ::5 O. This means that the value a obtained from measuring the temperature (eqs. (9) and (10)) agrees with the value of a calculated by integration of the velocity curve to within the error bars on the latter, given by equation (7). In that case it is easy to show that 161 ::5 2 1 a [2 E + 13], (13 ::5 0) .
(14)
To make our illustration more concrete let us estimate the error E for a typical classical Cepheid. We take P=27r/w=5d, 18vl=2kmsec-\ Ro=40R 0 , where the value for 18v I comes from Gieren (1985) .
Putting these together in equation (8) yields
Since, for the good pair a, one has 13 ::5 0, it can be seen from equations (13) and (14) that a = 1, and then from equations (14) and (12) that (16) For T = 5500 K, this implies that the error in measuring the temperatures must have been 8T ::5 55 K! Of course it might be argued that the individual errors, 8T I and 8T 2 , could have been much larger, satisfying equation (16) by cancellation. However, this does not seem likely. As shall be illustrated specifically in the next section, two points of equal displacement will, in general, correspond to two pulsation phases with very different hydrodynamic motions, and thus to static model atmospheres with different gravities. Thus it does not appear very probable that a common systematic error of, say, hundreds of degrees is responsible for a cancellation which produces a net error of only 50 K. It is much more likely that, for the good pair a, the static atmosphere approximation is rather accurate, yielding temperatures which are not too far off the mark.
We may contrast this with the situation for the bad pair . b for which & does not agree with a to within the errors on the latter. In this case ~ > 0 and it can be shown from equations (7), (11), and (13) that l& 5161 5 21& (2 E +~) (~ > 0) .
Thus we are provided both maximum and minimum errors on 161 and hence on the relative temperatures. If~ is very large, the pair b will be bad indeed.
Let us now summarize our development so far as follows. Presently available, highly accurate observations of radial velocity make it possible to determine pairs of phases of equal displacement with a small error given by equations (7) and (8). This, in turn, affords a check on the relative accuracy of the temperatures measured at the two phases, provided that the ratio of their luminosities can be found with negligible uncertainty. In this way it becomes possible to build up a set of phase pairs for which the temperatures seem consistent (and thus for which the static atmosphere approximation is probably not too bad) as well as a set of pairs for which inconsistency in the temperatures indicates a problem in their determination. This information could then be used as a basis for guiding the formulation of atmospheric models appropriate for the dynamics of a pulsating star. We shall return to this question in Section IV.
We close the present section by returning to a problem that we set aside above, namely that of the possible errors introduced into the measured displacements by uncertainties in the projection factor f It is clear from equation (5) that the projection factor will not affect the equality r 1 = r 2 provided thatfis constant over the pulsation cycle. However, in a recent paper Hindsley and Bell (1986) have suggested that f is actually variable. The numbers they give indicate a range of the order Ilf = 0.04. Assuming the worst case in equation (5), namely that phases 1 and 2 fall on opposite ends of this range, and taking (rl + rJ/~ = 0.1 we obtain for the error in a due to the projection factor, E' = 0.004. Comparing this to the value given by equation (15), one sees that possible uncertainties in f reduce the absolute precision of our technique only slightly. The same argument may be made regarding the error in the expansion in equation (5) and similar expansions to be performed later. Henceforth we shall ignore all these errors.
ID. Check on the Surface-Brightness Method
In the previous section we have indicated how the B-W technique might be inverted to give information on the Cepheid temperature calibration provided that the ratio of the luminosities at two phases of equal displacement could be measured very accurately. However, to obtain the luminosity ratio it would be necessary to make not only optical but also ultraviolet and infrared measurements and to perform the delicate task of mutual calibra-tion of the data. Because such observations do not yet exist, we wish in the present section to show how the inversion technique may be employed with existing data as a check on radius determinations.
We begin by writing equations (9) and (10) in the form
where BC is the bolometric correction, defined by
Let us now make the standard assumption that both log T and BC are linear functions of some color which we will choose to be (V -R). Then (17) Equation (17), of course, has a familiar form, reminiscent of the relations which comprise the surface-brightness technique of Barnes et al. (1977) . These relations have been given as follows by Gieren (1985) , according to the calibration by Barnes (1980) :
Here Fv is the surface brightness parameter, Vo and (V -R)o are unreddened magnitudes, Do and IlD are the average diameter and instantaneous diameter perturbation, respectively, r is the distance to the pulsating star, and <I> is the instantaneous angular diameter. The coefficient b in equation (18) is given specifically by Gieren (1985) 
It is easy to combine the above equations to form with regard to a pair of phases the quantity fi ::log (<1>/<1>2)
Comparing equations (17) and (20) we see that
while equation (20) shows us that for phases of equal displacement we must have fi = o. We note that both equations (17) and (20) 
a relation identical to equation (5). Let us define the quantity where the lack of a tilde again indicates a determination via the velocity curve.
We may now argue exactly as above to show that l-E::st::S 1 + E and hence -0.004 ::s 11 ::s 0.004 ,
where we have used the value of e from equation (15). Thus for pairs of points with ostensibly equal displacements, the value of 11 (ostensibly zero) actually lies within the limits given by equation (22).
We are now ready to apply our methodology to a set of observations. For this purpose we choose two short-period Cepheids, V482 Scorpii (P = 4?53) and R Trianguli Australis (P = 3?39), both of which were observed simultaneously in radial velocity and light by Gieren (1981a,b ) . Fourier fits to the radial-velocity curves of these stars have already been given by Simon and Teays (1983) . We now supplement these with fourth-order fits to the published V magnitudes and (V-R) colors (Gieren 1981b).
The Fourier series in this case have the form Ao + Aj cos [jw(t-to) + <!>j] with t = HJD -2444000 and to = 421.0. This phasing is the same as for the velocity fits in Simon and Teays (1983) . The Fourier coefficients for V and (V -R) are given in Table I .
We shall now proceed by choosing a set of pairs of phases of equal displacement as determined by equation (2) and then using the V and (V -R) fits in equation (20) to calculate the quantity ii for each pair. To do this we must specify a value for the surface-brightness coefficient b. We shall choose at the outset b = 0.363 (Barnes 1980) although it would not be surprising if this value needed adjustment, since the (V -R) data we are treating are on the Cousins system while the coefficient was determined from Johnson photometry. In Tables II and III we present the results for V482 Sco and R TrA, respectively. The first six columns give, in order, a bookkeeping number assigned to each pair, and then the radial displacement, pulsational velocity, acceleration, V magnitude, and (V -R) color for each phase. The next-to-Iast column shows ii as obtained from equation (20) using the value b = 0.363. It is also possible to formally assign for each pair a value of b which will make the right-hand side (RHS) of equation (20) vanish as it ought to. We denote this value by b' and list it in the last column of Tables II and III. It is easy to see that, for most of the pairs, the value of ii obtained from the Johnson surface-brightness calibration lies far outside the error bars given in equation (22). These discrepancies are clearly systematic (ii < 0 in all cases) and are very large. To demonstrate this let us use equation (21) to define
where rand <!> are the radial displacement and angular diameter at an arbitrary phase, while r m and <!>m refer to the phase of maximum radius. It is clear from equation (23) that as r ranges from maximum to minimum displacement, l1m(r) must vary from zero to its maximum value. Then, during the other half of the cycle (expansion phase), TIm will reverse this variation, Furthermore, TIm is always nonnegative.
In Figure 1 we plot the corresponding quantity
versus radial displacement r for V482 Sco and R TrA.
Here V m and (V -R)m are the V magnitude and (V -R) color at maximum displacement. The value of b is that already used above, b = 0.363. The expansion part of the cycle is rendered by a solid curve, while the dashed curve denotes contraction. Arrows indicate the direction around the cycle. The phases of maximum and minimum brightness in the V magnitude are shown by vertical bars. We may note from Figure 1 a number of serious contradictions for both stars. First, the maximum of iim comes substantially earlier than minimum displacement. Second, over a good portion of the contraction phase, iim becomes negative. And, third, the loops are very fat, meaning that at virtually any given displacement r, the value of iim is very different for contraction and expansion. The magnitude of this last difficulty is indicated by the vertical error bars we have placed inside the loops. Table IV that the discrepancy has indeed been narrowed, in most cases to a value below the spread indicated by equation (22). This improvement may also be noted in Figure 2 where we have replotted the iim vs. r graphs, this time using b = 0.5. We see that for both stars (1) iim now attains its maximum near minimum displacement; (2) the domain of negative TJrn has been reduced to a small region near maximum radius; and (3) the loop has narrowed considerably, indicating, once more, that the difference between expansion and contraction has been lessened. Thus it seems clear that a larger value (in this case, b = 0.5) is to be much preferred to b = 0.363.
It has already been suggested above that some discrepancy is expected in the coefficient due to differences between the Cousins and Johnson systems. To see what role such differences might have played we shall crudely translate the Johnson coefficient b = 0.363 into a Cousins coefficient be as follows. Using the transformation given by Gieren (1984) we calculate for each observational point the value be necessary to obtain the same surface brightness for the Cousins (V -R) as is calculated for the Johnson (V -R) using b = 0.363, i.e., 0.363 (V -R)J = be(V -R)e. We find 0.516::5 be ::5 0.536 for V482 Sco and 0.529 ::5 be ::5 0.571 for R TrA. These values fall in the same direction as our results above, which makes it seem likely that most or all of the discrepancy is due to the different system.
Nonetheless, the rendition given in Table IV and Figure 2 still leaves much to be desired. From equation (23) it is clear that the loop in the TJrn vs. r diagram ought actually to be compressed to a straight line whose slope would then yield the unperturbed radius, Ro. While one might justifiably draw such a line with greater confidence in Figure 2 , say, than in Figure 1 , it remains true that different portions of the loops in Figure 2 indicate quite different slopes. One way of proceeding in this situation would be to find the value of b which minimizes the vertical spread of the loop and then fit a straight line to the diagram which emerges. However, such a method would not take full advantage of the potential of the Baade-Wesselink inversion. We shall suggest an alternative in the section which follows.
IV. A Plan for the Inversion Technique
The difficulties with the surface-brightness method, pointed out in the previous section, have their origins in the assumption that the temperature and bolometric correction are both linear functions of some given color. Many authors have emphasized the inadequacy of this assumption (e.g., Gautschy 1986; Cohen and Gordon 1987) , particularly in the face of the fact that hydrodynamic motions in the pulsating atmosphere are very different during different parts of the cycle. In what follows we shall suggest a modification of the surface-brightness technique which helps meet these objections.
Let us then return to equations (9) and (10) and write
where the C; are different colors, v is the pulsational velocity, a the acceleration, and s is another quantity obtained from the spectral lines, e. g., the instantaneous equivalent width from the line blend of a spectrophotometer.
Suppose one observes a group of classical Cepheids, obtaining very accurate radial velocities, line widths, and also photometry in the four colors (or six if one chooses) indicated schematically above. These observations may then be used to determine the function F; Le., we propose to parameterize the instantaneous luminosity and temperature in the form it = L 1I2/T~, with some function which will be valid over the entire pulsation cycle and also from star to star. The observation of a dozen stars, with 25 pairs of points of equal displacement chosen from each, would yield a set of 300 equations of the form TJ = log Ii (C;, a, v, s) = 0 .
(25)
This set would then be employed to specify the function F. Reddenings would not be necessary so long as F remained linear in the parameters.
There is every reason to believe that such a parameterization would be successful, since the multiple colors would provide considerable detail in characterizing the radiation of the star, while the inclusion of v, a, and s would add information on hydrodynamic motions and, perhaps, on the atmospheric density. Preliminary guesses for the form of the function F could be informed by theoretical work on pulsating atmospheres (e. g., Karp 1975).
When a function is found that minimizes the set ITJI. its validity can be further tested by plotting an TJrn vs. r diagram, similar to Figures 1 and 2 , for each star. We note that while formal satisfaction of equation (25) for every pair of equal displacements in the cycle of a given star will result in a single valued TJrn' the actual curve should be not only single valued but also linear. To the extent that this proves true for each star, the form ultimately selected for the function F will be vindicated.
The successful determination of F would have many important consequences. In the first place, the radius of each star could be read simply from the TJrn vs. r plot.
Second, the dependence of F on the various physical quantities would provide a solid observational base for improving hydrodynamic model atmospheres. Third, and perhaps most far-reaching, one could then carry the same technique farther to determine the temperatures and ultimately the luminosities of pulsating stars. We discuss this briefly in what follows.
With known F (eq. (24)) the value of Ii can be calculated for any pair of phases (eq. (9)), in particular for two phases with unequal displacements. Then, from equation (10) 
We may now attempt to parameterize T as in equation (24),
where the function G can be determined from the set given by equation (26), provided one is able to measure the luminosity ratio for arbitrary pairs of phases. While this is a time-consuming task, the rewards would be great, since once the function G is specified one has very simply L = aC7rR 2 1'4 , with Rand l' given by equations (24) and (27), respectively. Determination of the luminosity in this way would, however, require specification of the reddening. While the techniques necessary to undertake this program are all well in hand, it seems that a new set of observations will be needed. The data for many of Gieren's stars are sparse-there are numerous phase gaps both in radial velocity (Gieren 1981a ) and in the various colors (Gieren 1981b) . On the other hand, while the extensive BVRI photometry of Barnes (1980, 1984) seems well suited for our purposes, the corresponding radial velocities (not yet published) have a standard error of the order 4 km sec -1 (Barnes 1986, private communication) . The effect of such an uncertainty would be to double the extent of the error bars in Figures  1 and 2 , a circumstance which could hardly be tolerated. On the contrary, there exist spectrophotometric techniques with precision of < 1 km sec-1 (e.g., CORAVEL, see Meylan et al. 1986 ); this raises the hope of halving the uncertainty in the inversion method.
Thus we propose a new series of simultaneous light and radial-velocity observations of perhaps a dozen classical Cepheids. These observations do not require a large telescope but should be made with state-of-the-art techniques and with care to secure solid phase coverage for each star. With such data in hand, we believe that the inversion of the Baade-Wesselink technique can proceed with enough accuracy that the radii of the classical Cepheids may be pinned down once and for all.
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